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We onsider a superintegrable quantum potential in two-dimensional
Eulidean spae with a seond and a third order integral of motion. The
potential is written in terms of the fourth Painlevé transendent. We
onstrut for this system a ubi algebra of integrals of motion. The algebra
is realized in terms of parafermioni operators and we present Fok type
representations whih yield the orresponding energy spetra. We also
disuss this potential from the point of view of higher order
supersymmetri quantum mehanis and obtain ground state wave funtions.
1 Introdution
Over the years many artiles have been devoted to superintegrable systems
with seond order integrals of motion [1-12℄. Integrable and superintegrable
systems with third order integrals have also been studied, albeit to a lesser
degree [13,14,15,16,17,18,19℄. This artile is the seond in a series [18℄
devoted to superintegrable systems in quantum mehanis in
two-dimensional Eulidean spae E2. All lassial and quantum potentials
with one seond and one third order integral of motion that separate in
Cartesian oordinates in the two-dimensional Eulidean spae were found
by S.Gravel [16℄. There are 21 quantum potentials and 8 lassial ones. The
systems investigated were of the form
1
H =
P 2x
2
+
P 2y
2
+ g1(x) + g2(y) , (1.1)
A =
P 2x
2
− P
2
y
2
+ g1(x)− g2(y) , (1.2)
B =
∑
i+j+k=3
Aijk{Li3, pj1pk2}+ {l1(x, y), p1}+ {l2(x, y), p2} , (1.3)
where {, } is an antiommutator, L3 = xP2 − yP1 is the angular momentum.
The onstants Aijk and funtions V, l1 and l2 are known [16℄.
The quantum ase ontains very interesting potentials written in term of
higher transendental funtions. The irreduible potentials with rational
funtions were studied [18℄. Polynomial algebras [18-27,29,30,31℄ and the
parafermioni realizations of these algebras were found. The parafermioni
realizations made it possible to onstrut Fok type representations and to
obtain the energy spetra. We also studied these potentials from the point
of view of the supersymmetri quantum mehanis [32-41℄.
Among the 21 types of superintegrable quantum potentials 5 of the
irreduible ones are expressed in terms of Painlevé transendents [42℄. Let
us present one of the superintegrable potentials of Ref.16 written in terms
of the fourth Painlevé transendent P4(z, α, β) :
g1(x) =
ω2
2
x2+ǫ
~ω
2
f
′
(
√
ω
~
x)+
ω~
2
f 2(
√
ω
~
x)+ω
√
~ωxf(
√
ω
~
x)+
~ω
3
(−α+ǫ) ,
(1.4)
g2(x) =
ω2
2
y2 , (1.5)
where ǫ = ±1, f ′ = df
dz
, z =
√
ω
~
x
f
′′
(z) =
f
′2(z)
2f(z)
+
3
2
f 3(z) + 4zf 2(z) + 2(z2 − α)f(z) + β
f(z)
, (1.6)
f(z) = P4(z, α, β). (1.7)
The six Painlevé transendent funtions appear in the theory of nonlinear
dierential equations. The ourene of Painlevé transendents as
2
superintegrable potentials seems somewhat surprising. It is less so one we
remember the relation between the Shrödinger equation and the
Korteweg-de Vries equation [43℄. Solutions of the KdV inlude Painlevé
transendents. Unidimensional potentials expressed in terms of Painlevé
transendents were also obtained in the ontext of the dressing hains
method [44,45,46℄ and onditionals and higher symmetries [47℄. An
important aspet of the fourth Painlevé transendent is the existene of
partiular solutions in terms of rational funtions and lassial speial
funtions for very spei values of the two parameters α and β [48℄.
All Hamiltonians of Ref.16 are, by onstrution, the sum of two
unidimensional Hamiltonians (H = Hx +Hy). All the quantum potentials
with rational funtion were related to supersymmetri quantum mehanis
[19℄. Higher order SUSYQM and shape invariane have been investigated
[49,50,51,52,53,54,55℄. In the ase of the potential given by Eq.(1.4) and
(1.5) the Hamiltonian Hy is the well known harmoni osillator. The
Hamiltonian Hx the orresponding Shrödinger equation has been obtained
as a speial ase of third order shape invariane and solved [51℄.
This artile is organized in the following way. In Setion 2 we onstrut the
Fok type representations for the superintegrable potential given by the
Eq(1.1) by the means of realizations of ubi algebras in terms of a
parafermioni algebra. In the Setion 3 we will reall some aspets of third
order shape invariane that are related to the potential given by Eq.(1.4)
and (1.5) with ǫ = −1. We will also treat the ase with ǫ = 1. We will relate
these results to those obtained using the approah involving the ubi
algebra. In Setion 4 we will onsider speial ases and apply results of
Setion 2 and Setion 3.
2 Cubi and parafermioni algebras
We onsider a quantum superintegrable Hamiltonian in E2 involving the
fourth Painlevé trasendent. We have two ases ǫ=1 and ǫ=-1 (with ω > 0)
H =
P 2x
2
+
P 2y
2
+
ω2
2
y2 + g1(x) , (2.1)
3
with g1(x) given in (1.4). This Hamiltonian has two integrals of motion.
The one of the seond order is given by Eq.(1.2) and Eq.(1.4). The third
order one is given by the following equation :
B =
1
2
{L, P 2x}+
1
2
{ω
2
2
x2y−3yg1(x), Px}− 1
w2
{~
2
4
g1xxx(x)+(
ω2
2
x2−3g1(x))g1x(x), Py},
(2.2)
where L = xPy − yPx.
The operators A and B generate the following ubi algebra
[A,B] ≡ C [A,C] = 16ω2~2B (2.3)
[B,C] = −2~2A3 − 6~2HA2 + 8~2H3
+
ω2~4
3
(4α2 − 20− 6β − 8ǫα)A− 8ω2~4H
+
~
5ω3
27
(−8α3 − 24α− 36αβ + 24ǫα2 + 8ǫ+ 36ǫβ) .
The Casimir operator an be written as a polynomial in the Hamiltonian
K = −16~2H4 + 4~
4ω2
3
(4α2 − 8α + 4− αβ)H2 (2.4)
−4~
5ω3
27
(8α3 − 24ǫα2 + 24α+ 36αβ − 8ǫ− 36ǫβ)H
−4~
6ω4
3
(4α− 8ǫα− 8− 6β) .
Realizations of ubi algebras in terms of parafermioni algebras have been
disussed in our previous artile [19℄. Our potential belong to the Case 2 of
Ref.19. The ubi algebra has the form :
[A,B] = C, [A,C] = δB, [B,C] = µA3 + νA2 + ξA+ ζ , (2.5)
where
µ = µ0, ν = ν0 + ν1H, ξ = ξ0 + ξ1H + ξ2H
2
(2.6)
4
ζ = ζ0 + ζ1H + ζ2H
2 + ζ3H
3, δ = δ0 + δ1H .
This algebra has been realized in terms of a deformed osillator algebra of
the form
[N, bt] = bt, [N, b] = −b, btb = Φ(N), bbt = Φ(N + 1) . (2.7)
The struture funtion Φ(N) is given by
Φ(N) = (
K
−4δ −
ζ
4
√
δ
) + (−ξ
4
+
ζ
2
√
δ
+
ν
√
δ
12
)(N + u) (2.8)
+(
−ν√δ
4
+
ξ
4
+
µδ
8
)(N + u)2 + (
ν
√
δ
6
− µδ
4
)(N + u)3 + (
µδ
8
)(N + u)4 .
We an use Eq.(2.4) to rewrite the struture funtion in terms of the
Hamiltonian.
2.1 Case ǫ = 1.
From the general formula we obtain for our partiular ase the following
struture funtion for ǫ = 1
Φ(x) = −4ω2~4(x+ u− ( E
2~ω
+
1
2
))(x+ u− (−E
2~ω
+
5
6
− α
3
)) (2.9)
(x+ u− (−E
2~ω
+
1
6
(α+ 2− 3i
√
β
2
)))(x+ u− (−E
2~ω
+
1
6
(α+ 2+ 3i
√
β
2
))) .
To obtain unitary representations [25,26℄ we should impose three
onstraints given by
Φ(p+ 1, ui, k) = 0, Φ(0, u, k) = 0, φ(x) > 0, ∀ x > 0 . (2.10)
We have to distinguish the two ases β < 0 and β > 0. For β < 0 we get
four possible values for u with Φ(0, u, k) = 0
u1 =
−E
2~ω
+
5
6
− α
3
, u2 =
−E
2~ω
+
1
6
(α + 2 + 3
√
−β
2
) (2.11)
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u3 =
−E
2~ω
+
1
6
(α + 2− 3
√
−β
2
), u4 =
E
2~ω
+
1
2
.
We insert all these solutions for u and apply the onstraint
Φ(p+ 1, ui, k) = 0, with i=1,2,3,4 to nd the energy spetrum.
Case 1
Φ(x) = 4~4ω2x(p+ 1− x)(x+ 1
2
− α
2
−
√
−β
8
)(x+
1
2
− α
2
+
√
−β
8
) (2.12)
E = ~ω(p+
4
3
− α
3
). (2.13)
Case 2
Φ(x) = 4~4ω2x(p+ 1− x)(x+
√
−β
2
)(x− 1
2
+
α
2
+
√
−β
8
) (2.14)
E = ~ω(p+
5
6
+
α
6
+
√
−β
8
). (2.15)
Case 3
Φ(x) = 4~4ω2x(p + 1− x)(x−
√
−β
2
)(x− 1
2
+
α
2
−
√
−β
8
), (2.16)
E = ~ω(p+
5
6
+
α
6
−
√
−β
8
). (2.17)
Case 4
We get three solutions for this ase with negative energy
Φ(x) = 4~4ω2x(p+1−x)((p+ 1
2
)+
α
2
+
√
−β
8
−x)((p+ 1
2
)+
α
2
−
√
−β
8
−x),
(2.18)
E = −~ω(p+ 2
3
+
α
3
), (2.19)
Φ(x) = 4~4ω2x(p+1−x)((p+3
2
)−α
2
−
√
−β
8
−x)((p+1)−
√
−β
2
−x), (2.20)
6
E = −~ω(p+ 7
6
− α
6
−
√
−β
8
), (2.21)
Φ(x) = 4~4ω2x(p+1−x)((p+3
2
)−α
2
+
√
−β
8
−x)((p+1)+
√
−β
2
−x), (2.22)
E = −~ω(p+ 7
6
− α
6
+
√
−β
8
). (2.23)
To obtain unitary representions we should also impose φ(x) to be a real
funtion and φ(x) > 0 for x > 0. The onstraints do not allow all values for
α and β so it may happen that only some of the states are physially
meaningful. We an have 1, 2 or 3 innite sequenes of energies that
orrespond to eah unitary representation.
For β > 0 we have two solutions
Φ(x) = 4~4ω2x(p + 1− x)(x2 + (1− α)x− β
8
+
α2
4
− α
2
+
1
4
), (2.24)
E = ~ω(p+
4
3
− α
3
), (2.25)
Φ(x) = 4~4ω2x(p+1−x)(x2− (1+α+2p)x+p2+αp+p− β
8
+
α2
4
+
α
2
+
1
4
),
(2.26)
E = −~ω(p+ 2
3
+
α
3
). (2.27)
2.2 Case ǫ = −1.
For the ase ǫ=-1 we obtain the following expression for the struture
funtion
Φ(x) = −4ω2~4(x+ u− ( E
2~ω
+
1
2
))(x+ u− (−E
2~ω
+
1
6
− α
3
)) (2.28)
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(x+ u− (−E
2~ω
+
1
6
(α+ 4− 3i
√
β
2
)))(x+ u− (−E
2~ω
+
1
6
(α+ 4+ 3i
√
β
2
))) .
Four ases our for β < 0
u1 =
−E
2~ω
+
1
6
− α
3
, u2 =
−E
2~ω
+
1
6
(α + 4 + 3
√
−β
2
) (2.29)
u3 =
−E
2~ω
+
1
6
(α + 4− 3
√
−β
2
) u4 =
E
2~ω
+
1
2
.
Case 1
Φ(x) = 4~4ω2x(p+1− x)(x− 1
2
− α
2
−
√
−β
8
)(x− 1
2
− α
2
+
√
−β
8
), (2.30)
E = ~ω(p+
2
3
− α
3
). (2.31)
Case 2
Φ(x) = 4~4ω2x(p+ 1− x)(x+
√
−β
2
)(x+
1
2
+
α
2
+
√
−β
8
), (2.32)
E = ~ω(p+
7
6
+
α
6
+
√
−β
8
). (2.33)
Case 3
Φ(x) = 4~4ω2x(p + 1− x)(x−
√
−β
2
)(x+
1
2
+
α
2
−
√
−β
8
), (2.34)
E = ~ω(p+
7
6
+
α
6
−
√
−β
8
). (2.35)
Case 4
We get three solutions for this ase with negative energy
Φ(x) = 4~4ω2x(p+1−x)((p+ 3
2
)+
α
2
−
√
−β
8
−x)((p+ 3
2
)+
α
2
+
√
−β
8
−x),
(2.36)
8
E = −~ω(p+ 4
3
+
α
3
), (2.37)
Φ(x) = 4~4ω2x(p+1−x)((p+1
2
)−α
2
−
√
−β
8
−x)((p+1)−
√
−β
2
−x), (2.38)
E = −~ω(p+ 5
6
− α
6
−
√
−β
8
), (2.39)
Φ(x) = 4~4ω2x(p+1−x)((p+1
2
)−α
2
−
√
−β
8
−x)((p+1)+
√
−β
2
−x), (2.40)
E = −~ω(p+ 5
6
− α
6
+
√
−β
8
). (2.41)
One interesting aspet of this potential is that we an have three, two or
one series of equidistant energy levels.
For β > 0 we get the following solution
Φ(x) = 4~4ω2x(p+ 1− x)(x2 − (1 + α)x− β
8
+
α2
4
+
α
2
+
1
4
), (2.42)
E = ~ω(p+
2
3
− α
3
), (2.43)
Φ(x) = 4~4ω2x(p+1−x)(x2−(3+α+2p)x+p2+αp+3p− β
8
+
α2
4
+
α
2
+
9
4
),
(2.44)
E = −~ω(p+ 4
3
+
α
3
). (2.45)
3 Third order shape invariane and
superintegrable systems
The onept of higher-derivative supersymmetri quantum mehanis
(HSQM) was introdued by A.A.Andrianov, M.V.Ioe and V.P.Spiridonov
9
[49℄. HSQM is haraterized by polynomial relations between superharges
and the Hamiltonian. Seond order derivative supersymmetry was
investigated in the Ref.50. We will present in this setion results not given
in Ref.51 but diretly related to the potential given by Eq.(1.1) with ǫ = 1.
Let us reall some aspets of the partiular ase of third order shape
invariane related to the potential with ǫ = −1 obtained in the Ref.51. In
SUSYQM two superpartners are isospetral or almost isospetral and if we
know the spetrum and the eigenfuntions of one superpartner we an
obtain the spetrum and the eigenfuntions of the other superpartner. A
speial ase ours when the two superpartners V1(x, a0) and V2(x, a0)
satisfy the relation V2(x, a1) = V1(x, a0)+R(a1) where a1 = f(a0) and R(a1)
do not depend on x. In this speial ase we an nd diretly the energy and
the eigenfuntions. The superpartners are alled shape invariant potentials
(SIP). We onsider the following partiular ase of shape invariane
H1a
† = a†(H1 + 2λ) , (3.1)
where a† and a are third order operators. This partiular ase of shape
invariane an be onstruted from a rst order and seond order
supersymmetry given by the following interwining relations
H1q
† = q†(H2 + 2λ), H1M
† = M †H2 , (3.2)
where
Hi = P
2
x + Vi(x) , (3.3)
q† = ∂ +W (x), q = −∂ +W (x) , (3.4)
M † = ∂2 − 2h(x)∂ + b(x), M = ∂2 + 2h(x)∂ + b(x) . (3.5)
The key element in obtaining the equivalene between Eq.(3.1) and Eq.(3.2)
is to dene the following third order operators a and a† written as produts
of rst order and seond order superharges
a† = q†M, a = M †q . (3.6)
The third order shape invariane of the form given by Eq.(3.1) an be
investigated using Eq.(3.2). The two interwining relations of Eq.(3.2) give
respetively the following relations
V1 = W
′(x) +W 2(x), V2 = −W ′(x) +W 2(x)− 2λ (3.7)
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and
V1,2 = ∓2h′(x) + h2(x) + h
′′(x)
2h(x)
− h
′2(x)
4h2(x)
− d
4h2(x)
+ γ , (3.8)
b(x) = −h′(x) + h2(x)− h
′′
(x)
2h(x)
+
h
′2(x)
4h2(x)
+
d
4h2(x)
. (3.9)
Eq.(3.7), (3.8) and (3.9) impose that the potential V1 should have the form
V1 = −2h′(x) + 4h2(x) + 4λxh(x) + λ2x2 − λ , (3.10)
with
h′′(x) =
h
′2(x)
2h(x)
+6h3(x)+8λxh2(x)+2(λ2x2− (λ+γ))h(x)+ d
2h(x)
, (3.11)
W (x) = W3(x) = −2h(x)− λx . (3.12)
As in the ase of rst order supersymmetry we an dene
H =
(
H1 0
0 H2
)
Q =
(
0 0
M 0
)
Q† =
(
0 M †
0 0
)
. (3.13)
We get the following SUSY-algebra
[H,Q] = [H,Q†] = 0, {Q,Q} = {Q†, Q†} = 0, {Q,Q†} = (H−γ)2+ d .
(3.14)
Eq.(3.11) an be transformed into the equation for the fourth Painlevé
transendent (1.4) by the following transformations
h(x) =
1
2
√
λf(z), z =
√
λx, α = 1 +
γ
λ
, β =
2d
λ2
, λ =
ω
~
, (3.15)
and we obtain
V˜1 =
~
2
2
V1 =
ω2
2
x2 − ω~
2
f ′(
√
ω
~
x) +
ω~
2
f 2(
√
ω
~
x) + ω
√
ω~xf(
√
ω
~
x)− ω~.
(3.16)
V˜1(x) is the x part of the potential in (1.1) and oinides with g1(x) in
11
Eq.(1.4) up to a onstant. A partiular ase of third order shape invariane
alled  reduible was onsidered in Ref.51 by imposing further onditions.
These onditions are d ≤ 0 and the existene of real funtions W1 and W2
suh that
M † = (∂ +W1(x))(∂ +W2(x)), W1,2 = −h(x)± h
′
(x)−√−d
2h(x)
, (3.17)
(reduible means that M † fatorizes into produt of two rst order
operators with real funtions). The spetrum was obtained for ases where
normalizable zero modes of the annihilation operator exist. Zero modes of
the annihilation operator satisfy
aψ
(0)
k = 0 , (3.18)
(we use the terminology of HSQM where  zero mode refers to Eq.(3.18)
so that zero modes may not have energy E0 = 0). The energies of zero
modes were obtained by imposing the vanishing of the norm of aψ
(0)
k whih
involves the average of the operator produt a†a.
a†a = q†MM †q = q†((H2 − γ)2 + d)q = H1((H1 − γ − 2λ)2 + d) . (3.19)
The energies of the zero modes are
E
(0)
1 = 0, E
(0)
2 = γ + 2λ+
√−d, E(0)3 = γ + 2λ−
√−d . (3.20)
The orresponding eigenfuntions ψ
(0)
k an be alulated expliitly and are
ψ01(x) = e
R x
W3(x′)dx′ , (3.21)
ψ02(x) = (W2(x)−W3(x))e−
R x
W2(x′)dx′ , (3.22)
ψ03(x) = (2
√
−d+(W2(x)−W3(x))(W1(x)+W2(x)))e−
R x
W1(x′)dx′ . (3.23)
The reation operator an also have zero modes φ
(0)
k whih orrespond to a
possible trunation of the sequene of exited levels. They were obtained by
onsidering the following produt
aa† = (H1 + 2λ)((H1 − γ)2 + d) . (3.24)
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The energies of the zero modes are
E
(0)
1 = γ −
√
−d, E(0)2 = γ +
√
−d, E(0)3 = −2λ , (3.25)
with the orresponding eigenfuntions
φ01(x) = e
R x
W1(x′)dx′ , (3.26)
φ02(x) = (W1(x) +W2(x))e
R x
W2(x′)dx′ , (3.27)
φ03(x) = (γ + 2λ+
√−d+ (W1(x) +W2(x))(W2(x)−W3(x)))e−
R x
W3(x′)dx′ .
(3.28)
For non singular potentials it is not possible to have the negative energy
E
(0)
3 and the total number of zero modes of the annihilation and reation
operator annot be more than three beause of the asymptotis of the
eigenfuntions. We an have three, two or one innite sequene of levels.
These results oinide with those obtained as from the analysis of Fok type
representations of the ubi algebra of the superintegrable potential. When
we apply the reation operator a† on zero modes we reate eigenfuntions
with 2λ more energy. These energies are orroborated (when we add a
harmoni osillator in the y diretion) by those obtained using the ubi
algebra and given by Eq.(2.31), Eq.(2.33) and Eq.(2.35).
When a potential allowes only one innite sequene of energies, this
potential may also allow a singlet state or a doublet of states
a+ψ(x) = a−ψ(x) = 0, (a+)2ψ(x) = a−ψ(x) = 0 . (3.29)
From an algebrai point of view these states orrespond to trivial
irreduible representations. Suh a ase was disussed in Ref. [19℄ for the
potential V = ~2(x
2+y2
8a4
+ 1
(x−a)2
+ 1
(x+a)2
). This potential is a speial ase of
the potential given by the Eq(1.1). The observed singlet state an now be
naturally understood as a phenomenon of third order shape invariane.
All the results we presented apply to our potential for ǫ = −1. We will
present here the results that will be appliable to the ase ǫ = 1. We follow
the same approah as in Ref.51 and we onsider the following potential
V2 = 2h
′(x) + 4h2(x) + 4λxh(x) + λ2x2 − λ . (3.30)
The Eq.(3.9), Eq.(3.11) and Eq.(3.12) remain the same. We an dene as
for V1 in Eq.(3.16) a potential V˜2 using the transformations of Eq.(3.15).
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The Hamiltonian H2 of the form given by Eq.(3.3) with the potential given
by Eq.(3.30) satises
H2a
† = a†(H2 + 2λ) . (3.31)
when we postulate
a† = Mq†, a = qM † . (3.32)
We have the following produt
a†a = H2((H2 − γ)2 + d), aa† = (H2 + 2λ)((H2 + 2λ− γ)2 + d) . (3.33)
The energies of the zero modes of the reation and annihilation operator
are obtained by imposing the vanishing of their norm. This involves the
average of the operator produt a†a and aa† given by Eq.(3.33). The
eigenfuntions of the zero modes are obtained diretly by solving aψ
(0)
k = 0
and a†φ
(0)
k = 0. The energies of zero modes of the annihilation operator are
E
(0)
1 = 0, E
(0)
2 = γ −
√
−d, E(0)3 = γ +
√
−d , (3.34)
with the orresponding eigenfuntions
ψ01(x) = (γ−
√−d+(W1(x)+W2(x))(W1(x)−W3(x)))e
R x
W3(x′)dx′ , (3.35)
ψ02(x) = (W1(x) +W2(x))e
−
R x
W1(x′)dx′ , (3.36)
ψ03(x) = e
−
R x
W2(x′)dx′ . (3.37)
The energies of zero modes of the reation operator are
E
(0)
1 = −2λ, E(0)2 = γ − 2λ−
√
−d, E(0)3 = γ − 2λ+
√
−d , (3.38)
with the orresponding eigenfuntions
φ01(x) = e
−
R x
W3(x′)dx′ , (3.39)
φ02(x) = (W1(x)−W3(x))e
R x
W1(x′)dx′ , (3.40)
φ03(x) = (−2
√−d+(W1(x)−W3(x))(W1(x)+W2(x)))e
R x
W2(x′)dx′ . (3.41)
Again the total number of zero modes of the annihilation and reation
operator annot be more than three beause of the asymptotis of the
eigenfuntions. We an have three, two or one innite sequene of levels.
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When we apply the reation operator a† on zero modes we reate
eigenfuntions with 2λ more energy. These energies are orroborated (when
we add a harmoni osillator in the y diretion) by those obtained by the
ubi algebra and given by Eq.(2.13), Eq.(2.15) and Eq.(2.17). When a
potential possess only one innite sequene of energies, this potential may
also possess a singlet state or a doublet states.
We will disuss the irreduible ase that appears when d > 0. For V1(x) we
get
E
(0)
1 = 0, ψ
0
0(x) = e
R x
W3(x′)dx′ . (3.42)
For V2(x) we get
E
(0)
1 = 0, ψ
0
0(x) = (γ−
√
d+(W1(x)+W2(x))(W1(x)−W3(x)))e
R x
W3(x′)dx′ .
(3.43)
and W1 and W2 are not real funtions.
4 Speial ases
The fourth Painlevé transendent satisfying Eq.(1.6) depends on two
parameters and speial solutions in terms of rational or lassial speial
funtions exist [48℄. In this setion, we will give the unitary representations,
the orresponding energy spetra and the eigenfuntions for some speial
ases.
4.1 Case α = 5, β = −8, f(z) = 4z(2z2−1)(2z2+3)(2z2+1)(4z4+3) and ǫ = 1.
We have with Eq.(1.4) and (1.5)
V (x, y) =
ω2
2
(x2 + y2)− 8~
3ω
(2ωx2 + ~)2
+
4~2ω
(2ωx2 + ~)
+
2~ω
3
. (4.1)
From the ubi algebra we get two unitary representations. The rst
unitary representation is given by Eq.(2.14) with the orresponding energy
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given by Eq.(2.15)
φ(x) = 4~4ω2x(p + 1− x)(x+ 3)(x+ 2), E = ~ω(p+ 8
3
), (4.2)
The seond solution is given by Eq(2.12) or Eq.(2.20) with the
orresponding energy spetrum
φ(x) = 4~4ω2x(p+ 1− x)(x− 3)(x− 1), E = ~ω(p− 1
3
). (4.3)
This representation is valid only for p=0.
We will also treat this systems using the results on supersymmetry. The
eigenfuntions for the x part onsist of an innite sequene ψn(x) starting
from psi03(x) of Eq.(3.37) and a singlet state χ(x) given by Eq.(3.35) and
(3.40)
ψn(x) = Nn(a
†)ne
−ωx2
2~
x(3~+ 2ωx2)
(~+ 2ωx2)
, χ(x) = C0
e
−ωx2
2~
~+ 2ωx2
(4.4)
aχ(x) = 0, a†χ(x) = 0 . (4.5)
The reation and annihilation operator are given by Eq.(3.32) with the
following expressions for W1, W2 and W3
W1 =
−(−~ + 2ωx2)(9~3 + 27~2ωx2 + 12~ω2x4 + 4ω3x6)
~x(3~+ 2ωx2)(3~2 + 4ω2x4)
, (4.6)
W2 =
−(~− 2ωx2)(3~2 + 3~ωx2 + 2ω2x4)
~x(3~2 + 8~ωx2 + 4ω2x4)
, (4.7)
W3 =
−ωx(−9~3 + 22~2ωx2 + 20~ω2x4 + 8ω3x6)
~(~+ 2ωx2)(3~2 + 4ω2x4)
. (4.8)
With the eigenfuntions for the y part of the Hamiltonian and the formula
for the energies given by Eq.(3.34) we obtain the two following series of
solutions
ψn,k = ψn(x)e
−
ωy2
2~ Hk(
√
ω
~
y), E = ~ω(n+ k +
8
3
) , (4.9)
φm = χ(x)e
−
ωy2
2~ Hm(
√
ω
~
y), Em = ~ω(m− 1
3
). (4.10)
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4.2 Case α = 5, β = −8, f(z) = 4z(2z2−1)(2z2+3)
(2z2+1)(4z4+3)
and ǫ = −1.
We have with Eq.(1.4) and (1.5)
V (x, y) =
ω2
2
(x2 + y2)− 192~
4ω2x2
(4ω2x4 + 3~2)2
+
16~2ω2x2
4ω2x4 + 3~2
. (4.11)
From the ubi algebra we obtain three unitary representations. The rst
unitary representation is given by Eq.(2.32) with the orresponding energy
spetrum Eq.(2.33)
φ(x) = 4~4ω2x(p+ 1− x)(x+ 4)(x+ 2), E = ~ω(p+ 3), (4.12)
The seond solution is given by Eq(2.38) with the orresponding energy
spetrum given by Eq.(2.39)
φ(x) = 4~4ω2x(p+ 1− x)(p− 3− x)(p− 1− x), E = −~ω(p− 1). (4.13)
This representation is valid only for p=0,1.
The third solution is given by Eq(2.30) with the orresponding energy
spetrum given by Eq.(2.31)
φ(x) = 4~4ω2x(p+ 1− x)(x− 3)(x− 2), E = ~ω(p− 1). (4.14)
This representation is valid only for p=0,1.
We investigate this system using the results on supersymmetry. The
eigenfuntions for the x part onsist of an innite sequene ψn(x) starting
from ψ20(x) given by Eq.(3.22) and doublet states χ1(x) and χ2(x) given by
Eq.(3.22), (3.21) and (3.26)
ψn(x) = Nn(a
†)ne
−ωx2
2~
(−9~3 + 18~2ωx2 + 12~ω2x4 + 8ω3x6)
(3~2 + 4ω2x4)
, (4.15)
χ1(x) = C1e
−ωx2
2~
(~+ 2ωx2)
(3~2 + 4ω2x4)
, χ2(x) = C2e
−ωx2
2~
x(3~ + 2ωx2)
(3~2 + 4ω2x4)
. (4.16)
aχ1(x) = 0, a
†χ1(x) = χ2(x), a
†χ2(x) = 0 . (4.17)
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The reation and annihilation operators are given by Eq.(3.6) with W1, W2
and W3 as in Eq.(4.5), Eq.(4.6) and Eq.(4.7).
With the eigenfuntions in the y part and the formula for the energies given
by Eq.(3.20) we obtain the three following kinds of solutions
ψn,k = φn(x)e
−
ωy2
2~ Hk(
√
ω
~
y), E = ~ω(n+ k + 3) , (4.18)
φm1 = χ1(x)e
−
ωy2
2~ Hm1(
√
ω
~
y), Em1 = ~ω(m1 − 1) , (4.19)
φm2 = χ2(x)e
−
ωy2
2~ Hm2(
√
ω
~
y), Em2 = ~ωm2. (4.20)
4.3 Case α = 0, β = −29, f(z) = −23z and ǫ = 1.
We have
V (x, y) =
ω2
2
(
1
9
x2 + y2) (4.21)
From the ubi algebra we get three ases with unitary representations and
using Eq.(2.12) to Eq.(2.17) we have
φ(x) = 4~4ω2x(p + 1− x)(x+ 1
3
)(x+
2
3
), E = ~ω(p+
4
3
), (4.22)
φ(x) = 4~4ω2x(p + 1− x)(x− 1
3
)(x+
1
3
), E = ~ω(p+ 1), (4.23)
φ(x) = 4~4ω2x(p + 1− x)(x− 2
3
)(x− 1
3
), E = ~ω(p+
2
3
). (4.24)
We apply the results oming from supersymmetry. we get the following
known eigenfuntions from Eq.(3.35), Eq.(3.37) and E.(3.36) respetively
and the orresponding energy with the Eq.(3.34)
ψn1,k1 = Nn1k1(a
†)n1e
−ωx2
6~ (−3~+ 2ωx2)e−ωy
2
2~ Hk1(
√
ω
~
y), (4.25)
E1 = ~ω(n1 + k1 +
4
3
), (4.26)
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ψn2,k2 = Nn2k2(a
†)n2e
−ωx2
6~ xe−
ωy2
2~ Hk2(
√
ω
~
y), (4.27)
E2 = ~ω(n2 + k2 + 1). (4.28)
ψn3,k3 = Nn3k3(a
†)n3e
−ωx2
6~ e−
ωy2
2~ Hk3(
√
ω
~
y), (4.29)
E2 = ~ω(n2 + k2 +
2
3
), (4.30)
The reation and annihilation operator are given by Eq.(3.32) with the
following expression for W1, W2 and W3
W1 =
1
x
+
ωx
3~
, W2 = −1
x
+
ωx
3~
, W3 = −ωx
3~
. (4.31)
4.4 α = −1, β = −329 , f(z) = −2z3 − 2z
2−3
z(2z2+3) and ǫ = 1.
We have
V (x, y) =
ω2
2
(
1
9
x2 + y2)− 24~
3ω
(2ωx2 + 3~)2
+
4~2ω
(2ωx2 + 3~)
. (4.32)
From the ubi algebra we get the three ases with unitary representations
from Eq.(2.12) to Eq.(2.17)
φ(x) = 4~4ω2x(p + 1− x)(x+ 1
3
)(x+
5
3
), E = ~ω(p+
5
3
), (4.33)
φ(x) = 4~4ω2x(p + 1− x)(x− 1
3
)(x+
4
3
), E = ~ω(p+
4
3
), (4.34)
φ(x) = 4~4ω2x(p+ 1− x)(x− 5
3
)(x− 4
3
), E = ~ω(p). (4.35)
From the supersymmery we obtain the following eigenfuntions from
Eq.(3.35), Eq.(3.36) and E.(3.37) respetively and the energy with the
Eq.(3.34)
ψn1,k1 = Nn1k1(a
†)n1e
−ωx2
6~ x
(−45~2 + 4ω2x4)
(3~+ 2ωx2)
e−
ωy2
2~ Hk1(
√
ω
~
y), (4.36)
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E1 = ~ω(n1 + k1 +
5
3
), (4.37)
ψn2,k2 = Nn2k2(a
†)n2e
−ωx2
6~
(9~2 − 12~ωx2 − 4ω2x4)
(3~+ 2ωx2)
e−
ωy2
2~ Hk2(
√
ω
~
y), (4.38)
E2 = ~ω(n2 + k2 +
4
3
). (4.39)
ψn3,k3 = Nn3k3(a
†)n3
e
−ωx2
6~
(3~+ 2ωx2)
e−
ωy2
2~ Hk3(
√
ω
~
y). (4.40)
E3 = ~ω(n3 + k3), (4.41)
The reation and annihilation operators are given by Eq.(3.32) with the
following expressions for W1, W2 and W3
W1 =
−27~3 + 27~2ωx2 + 48~ω2x4 + 4ω3x6
27~3x− 36~2ωx3 − 12~ω2x5 , (4.42)
W2 =
351~3ωx+ 126~2ω2x3 + 12~ω3x5 − 8ω4x7
81~4 − 54~3ωx2 − 106~2ω2x4 − 24~ω3x6 , (4.43)
W3 =
−9~2 − 3~ωx2 + 2ω2x4
9~2x+ 6~ωx3
. (4.44)
4.5 Case α = 0, β = −2, f(z) = −2z −Ψ(z) and ǫ = 1.
We have
Ψ(z) =
ψ′(z)
ψ(z)
, ψ(z) = 1− tEc(z) . (4.45)
Ec(z) is the omplementary error funtion and is given by
Ec(z) =
2√
π
∫ ∞
z
e−t
2
dt (4.46)
We have with Eq.(1.4) and (1.5)
V (x, y) =
ω2
2
(x2 + y2)− 2
3
~ω +
4e−
2ωx2
h t~ω
π(1− tEc(
√
ω
~
x))2
+
4e−
ωx2
h + ω
√
~ωx
π(1− tEc(
√
ω
~
x))
.
(4.47)
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The ubi algebra provides two unitary representations. The rst unitary
representation is given by the Eq.(2.12) with the orresponding energy
given by Eq.(2.13). The Eq.(2.14) and (2.15) give the same unitary
representation and energy spetrum and we have
φ(x) = 4~4ω2x(p + 1− x)x(x + 1), E = ~ω(p+ 4
3
), (4.48)
The seond solution is given by Eq(2.16) with the orresponding energy
spetrum given by Eq.(2.17)
φ(x) = 4~4ω2x(p+ 1− x)(x− 1)2, E = ~ω(p+ 1
3
). (4.49)
This representation is valid for p=0.
We also use supersymmetry to treat this system. The eigenfuntions for the
x part onsist of an innite sequene ψn(x) starting from ψ
0
3 given by
Eq.(3.37) and a singlet state χ(x) given by Eq.(3.36) and (3.39)
ψn(x) = Nn(a
†)ne
−3ωx2
2~
(−t√~ω − eωx2~ √πωx+ eωx2~ √πtωxEc(
√
ω
~
x))
ω(−1 + tEc(
√
ω
~
x))
,
(4.50)
χ(x) = C0
e
−ωx2
2~√
π~(1− tEc(
√
ω
~
x))
, (4.51)
aχ(x) = 0, a†χ(x) = 0 . (4.52)
The reation and annihilation operators are given by Eq.(3.32) with the
following expressions for W1, W2 and W3
W1 =
(−tωx− eωx2~ √π√ω
~
(~+ ωx2) + e
ωx2
~
√
πt
√
ω
~
(~+ ωx2)Ec(
√
ω
~
x))
~(−t− eωx2~ √π√ω
~
x+ e
ωx2
~
√
π +
√
ω
~
xEc(
√
ω
~
x))
,
(4.53)
W2 =
A
B
, (4.54)
A = e−
ωx2
~ (2t2
√
ω~+ 3e
ωx2
~
√
πtωx− e 2ωx
2
~ π
√
ω
~
(h− ωx2)+ (4.55)
(−3eωx
2
h
√
πt2ωx+ 2e
2ωx2
~ πt
√
ω
~
(~− ωx2))Ec(
√
ω
~
x)
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−e 2ωx
2
~ πt2
√
ω
~
(~− ωx2)(Ec(
√
ω
~
x))2),
B = ~
√
π(−1 + tEc(
√
ω
~
x))(−t− eωx
2
~
√
π
√
ω
~
x+ e
ωx2
~
√
πt
√
ω
~
xEc(
√
ω
~
x)),
(4.56)
W3 =
ωx
~
+
2e−
ωx2
~ +
√
ω
~√
π(1− tEc(
√
ω
~
x))
. (4.57)
With the eigenfuntions for the y part of the Hamiltonian and the formula
for the energies given by Eq.(3.34) we obtain the two following families of
solutions
ψn,k = ψn(x)e
−
ωy2
2~ Hk(
√
ω
~
y), E = ~ω(n+ k +
4
3
) , (4.58)
φm = χ(x)e
−
ωy2
2~ Hm(
√
ω
~
y), Em = ~ω(m+
1
3
). (4.59)
4.6 Case α = 0, β = −2, f(z) = −2z −Ψ(z) and ǫ = −1.
This ase give the harmoni osillator. The zero mode is given by Eq.(3.22)
is the well known ground state of the harmoni osillator. There is other
speial solutions in terms of the omplementary error funtion exist.
Many speial solutions of the fourth Painlevé equation will give us singular
Hamiltonians. These potentials an be regularized in several manners
[19,56,57,58℄.
5 Conlusion
The main results of this artile are that we have onstruted the ubi
algebra, Fok type presentations and the orresponding energy spetrum for
the potential given by Eq.(1.4), (1.5). Other superintegrable potentials
written in term of Painlevé transendents are known [16℄ namely :
V1 = ~
2(ω21PI(ω1x) + ω
2
2PI(ω2y)) (5.1)
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V2 = ay + ~
2ω2PI(ωx) (5.2)
V3 = bx + ay + (2~b)
2
3P 2II((
2b
~2
)
1
3x, 0) (5.3)
V4 = ay + (2~
2b2)
1
3 (P ′II((
−4b
~2
)
1
3x, k) + P 2II((
−4b
~2
)
1
3x), k). (5.4)
These potentials together with that in Eq.(1.4) and Eq.(1.5) were also
obtained as one dimensional potentials in the ontext of higher and
onditional symmetries by W.I.Fushhyh and A.G.Nikitin [46℄. For these
four superintegrable potentials the simplest underlying struture of the type
(2.5) is atually a nite dimensional Lie algebra that does not allow us to
nd the energy spetrum. Let us present these algebras :
For V1 we have :
[A,B] ≡ C = −i~5ω51ω52, [A,C] = 0, [B,C] = 0 . (5.5)
For V2 we have :
[A,B] ≡ C = −i~5ω5, [A,C] = 0, [B,C] = 0 . (5.6)
For V3 and V4 we have :
[A,B] ≡ C = 4abi~(H + 1
2
A), [A,C] = 0, [B,C] = 8a2b2~2(H +
1
2
A) .
(5.7)
These algebras oinide with the lassial Poisson algebras presented earlier
[17℄. In these four ases we have a triplet of ommuting operators. The x
part of the potential V4 was also obtained in the ontext of supersymmetri
quantum mehanis [55℄. The methods of this artile are not diretly
appliable in that ase, but it may be possible to generalize them.
The question of how these aspets of SUSYQM, shape invariane and
superintegrability are related is interesting and will require more study.
Supersymmetry ould also be a tool for the lassiation of superintegrable
potentials. Higher order supersymmetry ould be a suitable approah to
treat these potentials. The searh for superintegrable systems with higher
order integrals of motion is thus losely related to the subjet of polynomial
23
algebras and higher order supersymmetri quantum mehanis.
The searh for a grand unifying theory in partile physis is an important
problem of omtemporary physis. One model that is envisaged as a
andidate is string theory. The x part of the potential given by Eq.(1.1)
appears also in the ontext of string theory [59℄ where supersymmetry is
used as a method for onstruting exat solutions. A more reent artile
[60℄ disusses how supersymmetri quantum mehanis an be used to
onstrut solutions in string theory.
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